
Recap

Inner products µ Vx F P or satisfying
Kun

Hu p u V IF is a linear transformation
Hair picu v7 Fu
V M v v f Rso with pfv.ir 0 V 0

Cauchy Bunyakovsky Schwarz Icu V3 Tu ux.tv v7

Icu v71 lull I V11

Orthonormal set U v ES Ku v7 0

U ES HUH I

Gram Sihmidt Every finite dimensional inner product space
has an orthonormal basis



Fourier coefficients

Fix an orthonormal basis B W Wn for V

VEV unique c Cn s t Y Σ Ci Mi
tie In we have c Wi V7

Parsevals identity u v Y L
Any inner produ
is co ordinate wis

cu v E ftp.T Tini V7 product

Ex Let V Icin have 11 11 1 Then fi tail 35 Y.se



Riesz representation theorem

Let V be a finite dimensional inner product space over IF
Let α V IF be a linear transformation

Then unique I E V sit veV v 2 x

Any scalar valued linear transformation is basically an
inner product

Ioof Let B W Wn be an orthonormal basis



Adjoints

Say V IN inner product spaces over same IF

inear 4 V W

y W V is called an adjoint of 4 if

ve V WE IN KEW YCH'd KG W of

Example Matrices

y IR IN IRM standard inner product

A E Rm 6A R IR W 6am
B E

M

6 IR R 4,1kt x



Non matrix examples

V C 0.13 1,1 in C 0 1,13

f f f 1 7 f x dx g gz g ly galy dy

p Y W y f y f 2y

fig

Ex For f g c Fib f g IE Igm
C 4

For prop Fib Fib find Yiest



Existence and uniqueness of adjoints
V W finite dimensional i p spaces over same F

6 V W Then unique adjoint y W V

Ioof Fix a w c IN W y W 6cm Hr

That should this be



Self adjoint linear transformations

4 V V is self adjoint if 6 4

i e V WEV n p Y W v

Examples BBT
ˢ 16980 6 A

ÑB

A E C is self adjoint if A At



Properties of self adjoint transformations

et y V V be a self adjoint transformation Then

All eigenvalues of y are real

If 6 W Xi 6 lap link for distinct to tk

then hi W are orthogonal

Roof p x t.by

6 w W Kw plus
x.w w w X w

x ̅ TWX x.EU

Xg wi wj kwii6lwi plwi w Xi kwang



Real Spectral Theorem

Let V be a finite dimensional i p space and let

p V V be self adjoint Then 6 has an

orthonormal basis of eigenvectors orthogonallydiagonalizable

Implications

p V V self adjoint W Wn orthonormal
X Xn

say V Ici W Ci top us

v Σ Ci pini Ecp X we Σ Xi twin



Proof of the real spectral theorem

6 V V y 67 Find orthonormal basis ofeigenvector
A.ES E m Such 6 has at least one eigenval

Induition on dim V

dim v dim V n assume for dim n 1

By claim VEV 0 w 0 5 t 6 IN X w

E IF 5.1

Let wt VEY 1 V W 0

v X
wt is a subspace of V Ex

dim int n 1IN Fun you cut plus but

4 Yun X y but wt has basis W Wn


